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Abstract
Let R be a local ring essentially of finite type over a field k of characteristic p > 0. In the paper [M. Fu-
ruya, H. Niitsuma, Regularity criterion of Noetherian local rings of prime characteristic, J. Algebra 247
(2002) 219–230], we constructed some regularity criterion for such a local ring R in terms of the higher dif-
ferential algebra and the pn-basis. In this paper, we introduce the concept of a reduced index of a Noetherian
ring and we show the sharpened result of the above criterion and further we also give a geometric regularity
criterion in terms of the higher differential algebra and the pn-basis. The latter criterion yield the sharpened
result of a part of Orbanz’s theorem [U. Orbanz, Höhere Derivationen und Regularität, J. Reine. Angew.
Math. 262/263 (1973) 194–204, 4.2].
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let (R,m,L) be a local ring which is essentially of finite type over a field k of characteristic
p > 0. In the paper [FN], we constructed some regularity criterion for such a local ring R in
terms of the higher differential algebra and the pn-basis as follows.
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(1) R is regular.
(2) For every n (n = 1,2, . . .), the higher differential algebra Dn(R/un) is a polynomial ring
over R for some subfield un ⊂ k.
(3) For every n (n = 1,2, . . .), there exists a pn-basis of R/hn for some subfield hn of k.
(4) For every n (n = 1,2, . . .), there exists a pn-basis of R/Rpn .
On the other hand, in the paper [O], U. Orbanz showed the following theorem:
Theorem. [O, 4.2] If L/k is separable, then the following conditions are equivalent:
(1) R is regular.
(2) For every n (n = 1,2, . . .), the higher differential algebra Dn(R/k) is a polynomial ring
over R.
In the above theorems, we have the assumption that “for every n (n = 1,2, . . .).” In this
paper, we shall show that this assumption can be replaced by “for a sufficiently large n.” For a
determinateness of such a sufficiently large n, we introduce the concept of a reduced index of
a Noetherian ring. In Sections 3 and 4, we shall show the sharpened results of the above first
theorem and the above second theorem, respectively.
The main results are Theorems 3.6 and 4.1.
2. Preliminaries
All rings in this paper are commutative rings with identity elements. A ring homomorphism
will always mean a ring homomorphism which sends an identity element to an identity element.
Let P be a ring, R a P -algebra with a ring homomorphism h :P → R.
Let S be an R-algebra with a ring homomorphism f :R → S. For an integer n 0, by a higher
P -derivation of length n from R into S, we mean a sequence (D0,D1, . . . ,Dn) of mappings
Di :R → S such that
(1) D0 = f ,
(2) Di(a + b) = Di(a)+Di(b), Di(ab) =∑j+k=i Dj (a)Dk(b) for any a, b ∈ R and i  0,
(3) Dih = 0 for every i  1.
We denote by HDernP (R,S) the set of all higher P -derivations of length n from R into S.
Let A be an R-algebra, t a natural number and d := (d0, d1, . . . , dt ) ∈ HDertP (R,A). Then A
(together with d) will be called a higher differential algebra of R over P of length t , if the
following conditions are satisfied:
(1) As an R-algebra, A is generated by the elements {di(a) | a ∈ R, i = 0, . . . , t}.
(2) For any R-algebra V and for any (h0, h1, . . . , ht ) ∈ HDertP (R,V ), there exists a ring homo-
morphism g :A → V such that hi = gdi for every i  0.
It is known that a higher differential algebra of R over P of length t exists and is uniquely
determined up to isomorphism (cf. [KY]). We shall denote by Dt(R/P ) the higher differential
algebra of R over P of length t and d is called the associated derivation of Dt(R/P ), which is de-
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where Dt(R/P )n is the R-submodule of Dt(R/P ) generated by the elements
{
dn1(a1) · · ·dns (as) | ai ∈ R, t  ni  0, n1 + · · · + ns = n for some s  1
}
.
Let ΩR/P be the module of differentials of R/P (cf. [M1, Section 26]). Then it is known that
Dt(R/P )1 = ΩR/P for any t (cf. [KY]).
Suppose that R has a prime characteristic p. Let Rpn denote the subring {xpn | x ∈ R} of R
and PRpn denote the subring of R generated by the set {axpn | a ∈ P, x ∈ R}. A subset B of
R is said to be pn-independent (in R) over PRpn if the monomials be11 · · ·bemm , where b1, . . . , bm
are distinct elements of B and 0 ei  pn − 1, are linearly independent over PRpn . A subset B
of R is called a pn-basis of R/P (or a pn-basis of R/PRpn ) if it is pn-independent over PRpn
and R = PRpn[B]. It is clear that a p1-basis of R/P is a usual p-basis of R/P . The cardinality
of a p-basis of R/P is called the p-degree of R/P and is denoted by p-deg(R/P ) (cf. [FN]). If
R is a local ring with the maximal ideal m, then Rp is also a local ring with the maximal ideal
m(p) := m ∩Rp .
Lemma 2.1. Let R be a ring of prime characteristic p, and let n  1 and t  1 be integers
with pn−1  t < pn. Let P be a ring with R ⊃ P ⊃ Rpn and B be a subset of R. If {dib | i =
1, . . . , t, b ∈ B} (⊂ Dt(R/P )) is algebraically independent over R, then B is pn-independent
over P , where dR/P = (d0, d1, . . . , dt ).
Proof. The proof is similar to that of [M1, (38.G), Proposition, p. 276]. 
The following lemma is a key to prove our main results.
Lemma 2.2. Let R be a Noetherian ring with prime characteristic p. Then there exists an integer
n 0 such that Rpn is reduced.
Proof. Let a be the nilradical of R. Put a = (a1, . . . , ar ). Then there exists an integer n 0 such
that ap
n
i = 0 (i = 1, . . . , r). It follows that xp
n = 0 for any x ∈ a. Let y be a nilpotent element
of Rpn . Then there exists an integer t  1 such that yt = 0. Put y = zpn for some z ∈ R. Then
0 = yt = ztpn , and thus z ∈ a. Therefore zpn = 0 and hence y = 0. 
Suppose R is a Noetherian ring with prime characteristic p. Then there exists the minimal
integer n  0 such that Rpn is reduced. We call it the reduced index of R, and denote by
red.index(R). A ring R is called generically reduced if Rq is a field for each minimal prime
ideal q of R (cf. [K, p. 118]).
Lemma 2.3. Let A be a ring with prime characteristic p. Suppose that p is a prime ideal of A.
Put q := p ∩ Ap . Then Ap ⊃ (Ap)q = (Ap)p .
Proof. A routine computation shows the assertion. 
Lemma 2.4. Let k be a field of char(k) = p > 0, A an affine k-algebra and p a prime ideal of
A. Put R := Ap,m := pR and L := R/m. Let t > 0 be an integer and u a subfield of k such that
[k : u] < ∞. Put q := m∩uRp . Let {a1, . . . , ar} be a subset of R such that {ai + (m2 + qR) | i =
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R such that {zi + m | i = 1, . . . , s} is a p-basis of L/u.
If Dt(R/u) is a polynomial ring over R, then it is the polynomial ring over R with variables
{dia1, . . . , diar , diz1, . . . , dizs | i = 1, . . . , t}, where dR/u := (d0, d1, . . . , dt ).
Furthermore, we have R = uRpn[a1, . . . , ar , z1, . . . , zs], where n is the integer with pn−1 
t < pn.
Proof. Put p1 := p ∩ Ap and U := Ap − p1. Then we have that R = AU−1 ⊃ kRp =
(kAp)U−1 ⊃ (Ap)U−1 = (Ap)p1 = Rp by Lemma 2.3. Thus R is finitely generated as a kRp-
module, hence R is finitely generated as a uRp-module. Therefore Dt(R/u)1(= ΩR/u) is finitely
generated as an R-module. It is known that the sequence
0 → m/(m2 + qR)→ Dt(R/u)1/mDt(R/u)1 → Dt(L/u)1 → 0
is exact. It follows from the exact sequence that Dt(R/u)1 is generated by the set {d1a1, . . . , d1ar ,
d1z1, . . . , d1zs}. Put B := {a1, . . . , ar , z1, . . . , zs}. Then, by [GD, 21.1.7], we have that R =
uRp[B], and thus R = uRpn [B], where n is the integer with pn−1  t < pn. Furthermore
Dt(R/u) is generated by the set {dB} := {dib | i = 1, . . . , t, b ∈ B} as an R-algebra. By the
almost same reasoning as the proof of [FN, Theorem 5.3, (2) ⇒ (1)], Dt(R/u) is the polynomial
ring over R with the variables {dB}. 
Proposition 2.5. Let k be a field of char(k) = p > 0, A an affine k-algebra and p a prime
ideal of A. Put R := Ap,m := pR and L := R/m. Let n > 0 and t > 0 be integers such that
pn−1  t < pn. Then the following conditions are equivalent:
(1) Dt(R/k) is a polynomial ring over R.
(2) There exists a subset B of R such that Dt(R/k) is the polynomial ring over R with the
variables {dib | i = 1, . . . , t, b ∈ B}, where dR/k := (d0, d1, . . . , dt ).
(3) There exists a pn-basis B of R/k.
Proof. (1) ⇒ (2) follows from Lemma 2.4 above.
(2) ⇒ (3). Since {dB} is a set of variables over R, by Lemma 2.1 the set B is pn-
independent over kRpn , where {dB} := {dib | i = 1, . . . , t, b ∈ B}. In the same way as the proof
of Lemma 2.4, we have R = kRpn[B]. Therefore the set B is a pn-basis of R over k.
(3) ⇒ (1) follows from [FN, 3.1.3]. 
3. Regular local rings
Let k be a field of characteristic p > 0 and A an affine k-algebra.
Definition 3.1. [FN, (4.1)] Let p be a prime ideal of A. Put R := Ap,m := pR and L := R/m. For
an integer n  1, a subfield un ⊂ k is called n-admissible for Ap/k if the following conditions
are satisfied:
(1) kpn ⊂ un ⊂ k and [k : un] < ∞.
(2) There exist pn-bases of k/un and L/un.
(3) p-deg(L/un) = p-deg(k/un)+ Trdeg(L/k).
(4) dimL(ΩR/un/mΩR/un) = dimL m/m2 + p-deg(L/un).
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integer n 1, there exists a subfield un ⊂ k that is n-admissible for both Ap/k and Aq/k.
Proof. The proof is similar to that of [FN, Proposition 4.2]. 
Lemma 3.3. Let p be a prime ideal of A. Put R := Ap,m := pR and L := R/m. Then the
following conditions are equivalent:
(1) L is separable over k.
(2) k is n-admissible for Ap/k for every n (n = 1,2, . . .).
(3) k is n-admissible for Ap/k for some n (n 1).
Proof. (1) ⇒ (2). Let n > 0 be any integer and t an integer with pn−1  t < pn. Let B be a
p-basis of L/k. Then L = kLpn[B], and thus Dt(L/k) = L[{dB}], where dL/k := (d0,
d1, . . . , dt ) and {dB} := {dib | i = 1, . . . , t, b ∈ B}. Since L/k is separable, B is alge-
braically independent over k and L is formally etale over k(B) by [M1, Theorem 90]. It
follows that Dt(k(B)/k) is the polynomial ring over k(B) with the variables {hib | i =
1, . . . , t, b ∈ B}, where dk(B)/k := (h0, h1, . . . , ht ), and the canonical L-algebra homomorphism
L ⊗k(B) Dt (k(B)/k) → Dt(L/k) is isomorphism by [SN, Proposition 2.4]. Hence Dt(L/k) is
the polynomial ring over L with the variable {dB}. Therefore B is a pn-basis of L over k by
Proposition 2.5. It is known that L is separable over k if and only if Trdeg(L/k) = p-deg(L/k)
by [K, 5.10]. Since L is separable over k, we have the following exact sequence [K, 6.5]:
0 → m/m2 → R/m ⊗ΩR/k → ΩR/m/k → 0.
From the sequence, we have dimL(ΩR/k/mΩR/k) = dimL m/m2 + p- deg(L/k). Thus k is n-
admissible for R/k.
(2) ⇒ (3) is trivial and (3) ⇒ (1) is easy to be seen by using the same process of proving we
used above. 
Lemma 3.4. [K, 7.5] Let p be a prime ideal of A. Put R := Ap, and choose a minimal prime
ideal q ⊂ p with dim(R) = dim(R/qR). Let u ⊂ k be a subfield that is 1-admissible for Ap/k
and Aq/k. If R is generically reduced and ΩR/u is a free R-module, then R is a regular local
ring.
Proof. The proof is the same to that of [K, 7.5]. 
For an integer n 1, Apn has a structure of an affine kpn -algebra. Let p be a prime ideal of A.
Put R := Ap and q := p ∩ Apn . Then, by Lemma 2.3, we have that Rpn = (Apn)q, that is Rpn is
a localization of an affine kpn -algebra at a prime ideal. In this situation, we have the following
lemma.
Lemma 3.5. If u ⊂ k is a subfield that is (n + 1)-admissible for R/k and Dpn(R/u) is a poly-
nomial ring over R, then h := upnkpn+1 ⊂ kpn is a subfield that is 1-admissible for Rpn/kpn ,
ΩRpn/h is a free Rp
n
-module and edim(R) = edim(Rpn).
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basis of k/u and {c1 + m, . . . , ct + m} is a pn+1-basis of L/u, where r = edim(R) and ci ∈ R.
Then the set {b1, . . . , bs} is a p-basis of k/kpu. Since u is (n + 1)-admissible for R/k, we have
(m∩uRp)R ⊂ m2. It follows from Lemma 2.4 that Dpn(R/u) is the polynomial ring over R with
the variables {dia1, . . . , diar , dic1, . . . , dict | i = 1, . . . , pn}, where dR/u = (d0, d1, . . . , dpn).
By Proposition 2.5, the set {a1, . . . , ar , c1, . . . , ct } is a pn+1-basis of R/uRpn+1 . This im-
plies that {apn1 , . . . , ap
n
r , c
pn
1 , . . . , c
pn
t } is a p-basis of Rpn/upnRpn+1 . Put h := upnkpn+1 . We
shall show that h ⊂ kpn is 1-admissible for Rpn/kpn . Since hRpn+1 = upnRpn+1 , the set
{d ′apn1 , . . . , d ′ap
n
r , d
′cp
n
1 , . . . , d
′cp
n
t } is a basis of the free Rpn -module ΩRpn/h, where d ′ is the
structure derivation of ΩRpn/h. By [M1, (26. I)], we have the following exact sequence:
m(p
n)/m(p
n)2 α−→ ΩRpn/h/m(p
n)ΩRpn/h → ΩLpn/h → 0.
Since {d ′apn1 , . . . , d ′ap
n
r } is a part of a basis of the Lpn -vector space ΩRpn/h/m(p
n)ΩRpn/h,
the set {apn1 , . . . , ap
n
r } is a basis of the Lpn -vector space m(pn)/m(pn)2, where d ′apni :=
d ′ap
n
i + m(p
n)ΩRpn/h and a
pn
i = ap
n
i + m(p
n)2
. It follows that edim(R) = r = edim(Rpn) and
α is injective. Further, {bpn1 , . . . , bp
n
s } is a p-basis of kpn/h, and thus kpn+1 ⊂ h ⊂ kpn and
[kpn : h] < ∞. It is clear that Trdeg(Lpn/upn) = Trdeg(L/u). Put ci + m := wi(∈ L). Then the
set {wpn1 , . . . ,wp
n
t } is a p-basis of Lpn/hLpn+1 . The condition (4) for h ⊂ kpn to be 1-admissible
for Rpn/kpn follows from the exact sequence above, and the condition (3) can be easily seen.
This completes the proof of the lemma. 
Now we get the following first main result. The result [FN, 5.3] can be sharpened as follows:
Theorem 3.6. Let p be a prime ideal of A. Put R := Ap and choose a minimal prime ideal
q ⊂ p with dim(R) = dim(R/qR). Suppose that red.index(R)  n. Let u ⊂ k be a subfield that
is (n + 1)-admissible for Ap/k and Aq/k. Then the following conditions are equivalent:
(1) R is a regular local ring.
(2) Dpn(R/u) is a polynomial ring over R.
(3) There exists a pn+1-basis of R/u.
(4) There exists a pn+1-basis of R/Rpn+1 .
Proof. (2) ⇒ (1). By Lemma 3.5, h := upnkpn+1 ⊂ kpn is a subfield that is 1-admissible for
Rp
n
/kp
n
, ΩRpn/h is a free Rp
n
-module and edim(R) = edim(Rpn). Put S := Aq and Q := qR,
then S = RQ. Thus Dpn(S/u) = RQ ⊗R Dpn(R/u) is a polynomial ring over S. Hence h ⊂ kpn
is a subfield that is 1-admissible for Spn/kpn by Lemma 3.5 again. On the other hand, put qn :=
q∩Apn . Then qn is a minimal prime ideal of Apn and dim(Rpn) = dim(Rpn/qnRpn). Therefore
the local ring (Rpn,m(pn),Lpn) satisfies the conditions of Lemma 3.4. It follows that Rpn is
regular and thus we have dimR = dimRpn = edim(Rpn) = edim(R). Thus the local ring R is
regular.
(3) ⇒ (2) follows from [FN, 3.1.3].
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Rp
i
/Rp
i+1 for any i (i = 0,1, . . . , n), where Bpi := {bpi | b ∈ B}. On the other hand, since
Rp
n is reduced, Bpi is a p-basis of Rpi /Rpi+1 for any i (i = n+ 1, n+ 2, . . .). Thus R/Rpm has
a pm-basis for every m (m = 1,2, . . .). Therefore, by [FN, 3.3] the local ring R is regular.
(1) ⇒ (3) and (4) follows from the proof of [FN, 5.3]. 
As a corollary to Theorem 3.6, we have the following. In the proof of Theorem 4.1 below, we
shall use it.
Corollary 3.7. Let p be a prime ideal of A. Put R := Ap,m := pR and L := R/m. Assume that
k is a perfect field and red.index(R) n. Then the following conditions are equivalent:
(1) R is a regular local ring.
(2) Dpn(R/k) is a polynomial ring over R.
(3) There exists a pn+1-basis of R/Rpn+1 .
Proof. The proof is clear from Theorem 3.6 and Lemma 3.3. 
Remarks 3.8. (1) In [FN, 3.3], we proved the following result:
Let (R,m,L) be an arbitrary Noetherian local ring of prime characteristic p. If there exists a
pn-basis of R/Rpn for every n (n = 1,2, . . .), then R is a regular local ring.
By the similar reasoning as that of the proof of (4) ⇒ (1) in Theorem 3.6, we have the sharp-
ened result of [FN, 3.3] as follows.
Suppose that red.index(R) n. If there exists a pn+1-basis of R/Rpn+1 , then R is regular.
(2) In Theorem 3.6, the assumption “u ⊂ k is a subfield that is (n + 1)-admissible for Ap/k
and Aq/k” cannot be replaced by “u ⊂ k is a subfield that is (n + 1)-admissible for Ap/k” (see
Example 4.4 below).
4. Geometrically regular local rings
In this section we use the following notations. Let k be a field of char(k) = p > 0, A an
affine k-algebra and p a prime ideal of A. Put R := Ap,m := pR and L := R/m. The local ring
R is called geometrically regular if the semi-local ring R ⊗k k′ is regular for every finite field
extension k′/k. Now we construct a geometric regularity criterion for such a local k-algebra R.
The following is the second main result.
Theorem 4.1. The following conditions are equivalent:
(1) R is geometrically regular over k.
(2) Dt(R/k) is a polynomial ring over R for every t (t = 1,2, . . .).
(3) There exists a pn-basis of R/k for every n (n = 1,2, . . .).
If red.index(k0 ⊗k R)m, where k0 is the smallest perfect field containing k, then these condi-
tions are also equivalent with the following conditions:
(4) Dpm(R/k) is a polynomial ring over R.
(5) There exists a pm+1-basis of R/k.
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sition 2.5. It is sufficient to prove that (4) implies (1).
(4) ⇒ (1). Put R0 := k0 ⊗k R. Suppose that red.index(R0)m. For simplicity, put t := pm.
It is clear that R0 is essentially of finite type over k0. By the assumption (4), Dt(R/k) is a
polynomial ring over R. Let Y := {Yi | i ∈ I } be variables such that Dt(R/k) = R[Y ]. Let P be
any maximal ideal of R0 and S := (R0)P. Then we have that
Dt(S/k0) = S ⊗R0 Dt(R0/k0) = S ⊗R0
(
k0 ⊗k Dt (R/k)
)= S[Y ].
Thus Dt(S/k0) is the polynomial ring over S with the variables Y . It is easily seen that
red.index(S)  red.index(R0)  m. Therefore, by Corollary 3.7, S is regular, and hence R0 is
a regular ring.
Now let h be a finite field extension of k and k1 := k0h the composite field of k0 and h in the
algebraic closure of k. Put R1 := k1 ⊗k R (= k1 ⊗k0 R0). Let Q be any maximal ideal of R1.
Put Q0 := Q ∩R0. Since R1 is flat over R0, (R1)Q is flat over (R0)Q0 . On the other hand, since
ΩR1/R0 = R0 ⊗k0 Ωk1/k0 = (0), we have that Q(R1)Q = Q0(R1)Q by [K, (6.8)]. Therefore we
have that (R1)Q is regular by [M2, Theorem 23.7], and thus R1 is a regular ring.
Put T := h⊗k R. Let P be a maximal ideal of T . Then there exists a maximal ideal P1 of R1
such that P = P1 ∩ T . Since R1 is flat over T , we have that (R1)P1 is flat over TP. Therefore,
by [M2, Theorem 23.7], we see that TP is regular, and hence T is a regular ring. Thus R is
geometrically regular over k. 
The following Corollary 4.2 to Theorem 4.1 is the sharpened result of the Orbanz’s theorem
[O, 4.2].
Corollary 4.2. If L/k is separable and red.index(k0 ⊗k R) n, where k0 is the smallest perfect
field containing k, then the following conditions are equivalent:
(1) R is a regular local ring.
(2) Dpn(R/k) is a polynomial ring over R.
Proof. Since L/k is separable, R is regular if and only if R is geometrically regular over k. Thus
the assertion follows from Theorem 4.1. 
Remark 4.3. In Theorem 4.1, the assumption “red.index(k0 ⊗k R)m” cannot be replaced by
“red.index(R)m” (see Example 4.4).
Example 4.4. (Cf. [NS, Example, p. 473].) Let B = k[X,Y ] be a polynomial ring over k with
char(k) = p > 0 in two variables. Assume that k is not perfect. Then there exists a ∈ k such that
a1/p /∈ k. The ideal Q := (Xp + aYp) is a prime ideal of B . Put A := B/Q = k[x, y]. Then A
is an affine k-algebra which is an integral domain. Let R := Ap be the localization of A with
respect to a prime ideal p := (x, y)A. Then R is a local domain which is not regular, and then
red.index(R) = 0.
By Lemma 3.3, k is 1-admissible for Ap/k, but it is not 1-admissible for A(0)/k, where A(0) is
the localization of A with respect to the zero ideal (0) of A. Furthermore we have that D1(R/k)
is the polynomial ring over R with the variables {d1x, d1y}, where dR/k := {d0, d1}.
M. Furuya, H. Niitsuma / Journal of Algebra 306 (2006) 703–711 711Let k0 be the smallest perfect field containing k. Then we see that red.index(k0 ⊗k R) = 1. If
Dp(R/k) is a polynomial ring over R, then, by Lemma 2.4 we have that Dp(R/k) is the poly-
nomial ring over R with the variables {dix, diy | i = 1, . . . , p}, where dR/k := {d0, d1, . . . , dp}.
But, we see that (d1x)p + a(d1y)p = 0 since xp + ayp = 0. Thus the above set is algebraically
dependent over R. Hence Dp(R/k) is not a polynomial ring over R.
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